Abstract. Convective flows of a small Prandtl number fluid contained in a two-dimensional vertical cavity subject to a lateral thermal gradient are studied numerically. The chosen geometry and the values of the material parameters are relevant to semiconductor crystal growth experiments in the horizontal configuration of the Bridgman method. For increasing Rayleigh numbers we find a transition from a steady flow to periodic solutions through a supercritical Hopf bifurcation that maintains the centro-symmetry of the basic circulation. For a Rayleigh number of about ten times that of the Hopf bifurcation, the periodic solution loses stability in a subcritical Neimark-Sacker bifurcation, which gives rise to a branch of quasiperiodic states. In this branch, several intervals of frequency locking have been identified. Inside the resonance horns the stable limit cycles lose and gain stability via some typical scenarios in the bifurcation of periodic solutions. After a complicated bifurcation diagram of the stable limit cycle of the 1 : 10 resonance horn, a soft transition to chaos is obtained.
Introduction
This work deals with the numerical study of the fluid flows that arise in a two-dimensional cavity, under geometrical conditions and material parameters which are relevant to semiconductor crystal growth according to Bridgman-like techniques. In particular, we consider a laterally heated rectangular cavity under the influence of a vertical gravity field, and we focus on the transitions to time-dependent flows, from periodic oscillations to aperiodic or chaotic motions. The characterization of the different thresholds as well as the different flow regimes become important because of the link between thermal oscillations and solid phase striations, which could damage the crystal quality in a growth process. In the case of a laterally heated cavity, the convective response does not have to overcome a finite threshold, since it occurs for an arbitrarily small Rayleigh number. The successive transitions from the primary convective steady state to the oscillatory and chaotic motions have been the subject of several recent works (Pulicani et al. [12] , Le Quéré and Behnia [10], Gelfgat et al. [5] , Xin and Le Quéré [13] , among others). These studies have shown a strong dependence on geometrical conditions, on boundary conditions and on material parameters. I. Mercader et al. One of the dimensionless parameters which affects rather drastically the dynamical behavior of the system, particularly where transition mechanisms to chaos is concerned, is the Prandtl number. Our study will focus on small Prandtl numbers, a parameter region which has not been explored as systematically as others, and which is directly relevant to semiconductor materials. In our simulations we have used the Prandtl number corresponding to molten germanium, σ = 0.00715. Other works (Braunsfurth et al. [4] , Juel et al. [7] ) have been devoted to studying this problem in three dimensional geometry, but they have been restricted to low values of the Rayleigh number. We have considered horizontal rectangular cavities with aspect ratio 2 (length twice height), with a basic stationary state formed by a single roll. More elongated cells will typically introduce new instabilities which would break the basic roll into more than one (Pulicani et al. [12] ). On the other hand, smaller aspect ratios require higher levels of buoyancy for the basic flow to become unstable (Yahata [14] ). Finally, we complete the definition of our physical setup by specifying the boundary conditions. Two fixed temperatures are imposed on the vertical walls, while "perfectly conducting boundaries" are assumed in the horizontal walls. In practice this means that a linear temperature profile is imposed on them. The boundary conditions for the velocity field are no-slip.
In this physical setting, we analyze the nonlinear dynamics when the Rayleigh number varies. After a sequence of bifurcations we obtain a branch of quasiperiodic solutions. Here, we focus on the detailed description of a route to chaos via frequency locking and torus break-down, obtained by increasing the Rayleigh number along this branch. Since the system is invariant under a rotation by π about the center of the cavity, the corresponding symmetry group is Z 2 . This group will play an important role in the bifurcation analysis presented below.
The paper is organized as follows. In Sect. 2 we summarize the equations and boundary conditions employed, the symmetries of the problem and their implications, and we discuss the numerical method used. The results obtained by numerical integration of the equations when the Rayleigh number varies are presented in Sect. 3. The paper concludes with a discussion in Sect. 4
Mathematical model
We have considered an incompressible fluid in a two-dimensional rectangular cavity of aspect ratio Γ = 2, where Γ is the ratio between the length d and the height h of the cavity. In the presence of a vertical constant gravity, a temperature difference ∆T is maintained horizontally over the length of the cell, the temperature at the right wall being higher than at the left one. If we nondimensionalize the equations using the height h of the cavity as the unit of length, the imposed lateral temperature difference ∆T as the unit of temperature and the vertical thermal diffusion time t T = h 2 /κ (κ is the thermal diffusivity) as the unit of time, the dimensionless equations in Boussinesq approximation read as follows:
here u ≡ (u, w) is the dimensionless velocity field in (x, z) coordinates, P is the pressure over the density and θ denotes the departure of the temperature from a linear horizontal profile in units of the imposed temperature difference ∆T . The dimensionless parameters are the Prandtl number σ, and the Rayleigh number Ra:
ν denotes the kinematic viscosity, g the gravity acceleration, and α the thermal expansion coefficient. No-slip boundary conditions have been used on all sides of the cavity, right and left hand sides are maintained at constant temperatures and the horizontal lids are assumed to be perfectly conducting, thus u = θ = 0, at ∂Ω.
